Short-time asymptotics for marginal distributions 
of semimartingales 



We study the short-time asymptotics of conditional expectations of 
smooth and non-smooth functions of a (discontinuous) Ito semimartin- 
gale; we compute the leading term in the asymptotics in terms of the 
local characteristics of the semimartingale. We derive in particular the 
asymptotic behavior of call options with short maturity in a semimartin- 
gale model: whereas the behavior of out-of-the-money options is found to 
be linear in time, the short time asymptotics of at-the-money options is 
shown to depend on the fine structure of the semimartingale. 
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1 Introduction 



In applications such as stochastic control, statistics of processes and mathemat- 
ical finance, one is often interested in computing or approximating conditional 
expectations of the type 

IE[/(6)l-^to] (1) 

where ^ is a stochastic process. Whereas for Markov process various well- 
known tools -partial differential equations, Monte Carlo simulation, semigroup 
methods- are available for the computation and approximation of conditional 
expectations, such tools do not carry over to the more general setting of semi- 
martingales. Even in the Markov case, if the state space is high dimensional 
exact computations may be computationally prohibitive and there has been a 
lot of interest in obtaining approximations of ([T]) as i -> io. Knowledge of such 
short-time asymptotics is very useful not only for computation of conditional 
expectations but also for the estimation and calibration of such models. Ac- 
cordingly, short-time asymptotics for ([T|) (which, in the Markov case, amounts 
to studying transition densities of the process ^) has been previously studied 
for diffusion models J H [U , Levy processes [li [H [HI d [HI HI HI] , Markov 
jump-diffusion models [D [3] and one-dimensional martingales [17], using a va- 
riety of techniques. The proofs of these results in the case of Levy processes 
makes heavy use of the independence of increments; proofs in other case rely 
on the Markov property, estimates for heat kernels for second-order differential 
operators or Malliavin calculus. What is striking, however, is the similarity of 
the results obtained in these different settings. 

We reconsider here the short-time asymptotics of conditional expectations 
in a more general framework which contains existing models but allows to go 
beyond the Markovian setting and to incorporate path-dependent features. Such 
a framework is provided by the class of ltd semimartingales, which contains all 
the examples cited above but allows the use the tools of stochastic analysis. 
An ltd semimartingale on a filtered probability space J^, (J-'()t>o, P) is a 
stochastic process ^ with the representation 

6=^0+/ I3sds+f SsdWs+f f n{y)M{dsdy)+ [ f [y - K{y)) M {dsdy) , 
Jo Jo Jo Jm.'' Jo Jr"^ 

(2) 

where is in M'^, is a standard R"-valued Wiener process, M is an integer- 
valued random measure on [0, oo] xM'' with compensator ij,{uj, dt, dy) = m{uj, t, dy)dt 
and M = M — its compensated random measure, /3 (resp. 5) is an adapted 
process with values in (resp. Mdxn(K)) and 

'^(j^) = 1 I \ 112 

1 + WvW 

is a truncation function. 

We study the short-time asymptotics of conditional expectations of the form 
([!]) where ^ is an Ito semimartingale of the form ([2]), for various classes of 
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functions / : R — > R. First, we prove a general result for the case of / €E 
C^{R'^,R). Then we wih treat, when d = 1, the case of 

E[(6-X)+|J-t„], (3) 

which corresponds to the value at to of a call option with strike K and maturity 
i in a model described by equation ([2]). We show that whereas the behavior 
of ^ in the case K > ( out-of-the-money options) is linear in t — to, the 
asymptotics in the case K — (which corresponds to at-the-money options) 
depends on the fine structure of the semimartingale ^ aX t^. In particular, we 
show that for continuous semimartingales the short-maturity asymptotics of at- 
the-money options is determined by the local time of ^ at ip- In each case we 
identify the leading term in the asymptotics and express this term in terms of 
the local characteristics of the semimartingale at . 

Our results unify various asymptotic results previously derived for particular 
examples of stochastic models and extend them to the more general case of a 
discontinuous semimartingale. In particular, we show that the independence of 
increments or the Markov property do not play any role in the derivation of 
such results. 

Short-time asymptotics for expectations of the form ([I} have been studied 
in the context of statistics of processes [13 H] and option pricing [TJ O HI [31 
[I1[I1[I1[51[T7]. Berestycki, Busca and Florent and Gatheral et al [H] 

derive short maturity asymptotics for call options when is a diffusion, using 
analytical methods. Durrleman [TU] studied the asymptotics of implied volatil- 
ity in a stochastic volatility model. Jacod [15] derived asymptotics for ^ for 
various classes of functions /, when is a Levy process. Figueroa-Lopez and 
Forde [13] and Tankov [22] study the asymptotics of ([3]) when is the exponen- 
tial of a Levy process. Figueroa-Lopez and Houdre [T3| also studies short-time 
asymptotic expansions for ([Ij, by iterating the infinitesimal generator of the 
Levy process ^t. Figueroa-Lopez and Forde [13] extend these results and derive 
a second order small-time expansion for out-of-the-money call options under an 
exponential Levy model. Alos et al 1; derive short-maturity expansions for call 
options and implied volatility in a Heston model using Malliavin calculus. Ben- 
hamou et al. [5] derive short-maturity expansions for call options in a model 
where ^ is a Markov process whose jumps are described by a compound Poisson 
process. More generally, these results apply to processes with independent incre- 
ments or Markov processes expressed as the solution of a stochastic differential 
equation with regular coefficients. 

Durrleman studied the convergence of implied volatility to spot volatility 
in a stochastic volatility model with finite- variation jumps [5]. More recently, 
Nutz and Muhle-Karbe [17] study short-maturity asymptotics for call options 
in the case where is a one-dimensional Ito semimartingale driven by a (one- 
dimensional) Poisson random measure whose Levy measure is absolutely con- 
tinuous. Their approach consists in "freezing" the characteristic triplet of ^ at 
to, approximating S,t by the corresponding Levy process and using the results 
cited above [TSJ US] to derive asymptotics for call option prices. 
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Our contribution is to extend these results to the more general case when 
^ is a d-dimensional semimartingale with jumps. By using minimal assump- 
tions on the process ^, we put previous results into perspective: in contrast to 
previous derivations, our approach is purely based on Ito calculus and makes 
no use of the Markov property or independence of increments. Also, our mul- 
tidimensional setting allows to treat examples which are not accessible using 
previous results such as |17) . For instance, when studying index options in 
jump-diffusion models, one considers an index /( — "^WiSl where {S^ , S''') 
are Ito semimartingales. In this framework, / is indeed an Ito semimartingale 
whose stochastic integral representation is implied by those of 5*' but it is nat- 
urally represented in terms of a d-dimensional integer-valued random measure, 
not a one-dimensional Poisson random measure. Our setting provides a natural 
framework for treating such examples. 



2 Short time asymptotics for conditional expec- 
tations 

2.1 Main result 

We make the following assumptions on the characteristics of the semimartingale 

Assumption 2.1 (Right-continuity of characteristics at to)- 

lini E [\\/3t - Aolll-^to] = 0, lini E - 8tof\Tu^ = 0, 

t— >to,t>to t— >to,t>to 

where ||.|| denotes the Euclidean norm on and for (p E Co(]R.'' x M'^.M), 



lim ] 



\yf f{^to,y)m{to,dy). 



The second requirement, which may be viewed as a weak (right) continuity 
of m{t, dy) along the paths of ^, is satisfied for instance if m{t, dy) is absolutely 
continuous with a density which is right-continuous in t aX t^. 

Assumption 2.2 (Integrability condition). 3T > to, 

rT 

Ito 

Ito JVL-i 



E 



E 











^to 


< 00, E 


C ¥s\\^ds 








Jto 





Ps\\ds 

y\\'^m{s,dy) ds 



< oo, 



to 



< oo. 



Under these assumptions, the following result describes the asymptotic be- 
havior of E [/(Ct)l-^to] when t — > to'- 
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Theorem 2.1. Under Assumvtions \2. 1\ and 
1 



lim ■ 



for all f eCl{W^, 

(E[/(6)|.FtJ-/(6o)) = Ao/(6o)- 



^4-^0 t ~ to 

where Ct^ is the (random) integro- differential operator given by 



(4) 



(5) 

+ / [f{x + y)- fix)- ] y.Wf{x)]m{to,dy). 

Before proving Theorem 12. 11 we recall a useful lemma: 
Lemma 2.1. Let f : K.+ — > M fee right- continuous at 0, then 



lim - 

t^o t 



f{s)ds^fiO). 



(6) 



Proof. Let F denote the primitive of /, then 



1 



f{s)ds^l{F{t)-Fm. 



Letting t — > 0+, this is nothing but the right derivative at of F, which is /(O) 
by right continuity of /. □ 

We can now prove Theorem 12. II 

Proof, of Theorem 12.11 

We first note that, by replacing P by the conditional measure given Ftg, we 
may replace the conditional expectation in (|4]) by an expectation with respect 
to the marginal distribution of under P|j^tp ■ Thus, without loss of generality, 
we put ta — in the sequel and consider the case where Fq is the a-algebra 
generated by all P-nuU sets. Let / G Cb(M'',M). Ito's formula yields 



/(6 



/(Co 



E 



Jo ^ Jo 



1=1 
t 



dxi 



fi^o) + / VfiL~)-l3sds+ / yfiL-)AdW, 
Jq Jo 

i^'tr[v2/(6-)*'5A] ds 

Vf{L-)Ay)M(dsdy) 



{f{L-+v) - fits-) - <y)-'^f{L-)) M{dsdy). 
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We note that 



• since V/ is bounded and given AssumDtion l2.21 J-^^ M{ds dy) 
is a square-integrable martingale. 

• since V/ is bounded and given Assumption [23 ^^V f{£,s-).5sdWs IS a 
martingale. 



Hence, taking expectations, we obtain 



mm = E[/(^o)]+E 



V/(^,-)./3, ds 



E 



"'R'' 



ifiL- +y)-fiL-)-<y)-'^f{L-)) M{dsdy) 



E[/(eo)]+E 



E 



tr [W^f{^s-)'Ss5s] ds 



+ E 



ifiL- +y) - fiL-) - <y)-^f{L-)) m{s,dy)ds 



that is 



E[/(6)]=E[/(eo)] 



^sfi^s) ds 



(7) 



where £ denote the integro-differential operator given, for all t g [^Oj^] and for 
an/eC2(R^R),by 



Ctfix) = /3t.V/(a;) + -tr ['StStV^f] {x) 



(8) 



+ / [fix + y)- fix) 



1 + 



■y.Vfix)]mit,dy), 



Equation (O yields 



^E[/(6)]-i/(^o)-£o/(^o) 



■E 



(V/(6)./3.-V/(^o)./3o) 

^ dstr [v2/(e«) 'SJ, - VV(Co) *^o<5o] 
^ Jo 

ds [mis, dy) +y)- fi^s) - '^(2;).V/(6)) 

-m(0, dy), ifiio +y)- fi^o) - «;(2/).V/(eo)) ] 



w i Jo 
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Define 

A2(i) 



■E 



ds (V/(C,)./3, - V/(eo)./3o) 
i /* ds tr [V ) ^'Js'^s - V2/(eo) ^'Jo^o] 

ds [m{s, dy) (/(e. + y) - - ^(y).V/(6- )) 

-m(0, dy) (/(Co + y) - /(?o) - «(2;).V./(Co)) ] 
Thanks to Assumptions 12.1 1 and 12 .21 



A3(i) = E 



E 



ds |V/(6)./3s-V/(eo)./3o| 



< E 


[L 







rf^l|V/||(||A|| + ||/3o||) 



< CO. 



Fubini's theorem then applies: 



Let us prove that 



Ai(t) = i ^ dsE [V/(6)./3s - V/(6)./3o] • 

51 : [0,r[^R 

t^E[V/(6)A-V/(Co)./3o], 

is right-continuous at with 51 (0) = 0, yielding Ai(t) when t — > 0+ if one 
applies Lemma [2TTJ 



\gi{t)\ = |E[V/(6)./3t-V/(eo)./3Q]| 

= |E[(V/(e,)-V/(eo))./3o + V/(6).(/3t-/3o)]| (9) 

< llV/llooE - m + \\M llvVllooE [llCt - Coll] , 

where 1 1 1 1 00 denotes the supremum norm on Cl{W^,M.). Assumption O implies 
that: 

hm E[||/3t-/3o||] =0. 
t->o+ 

Thanks to Assumption 12.21 one may decompose Ct as follows 

Ct =?o+^+Mt, 
A, = 



Q 



ds + (y - K(y)) m(s, dy) ds 



(10) 



Mt= f SsdWs+ f f yMidsdy), 

JQ Jo 
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where At is of finite variation and Mt is a local martingale. First, applying 
Fubini's theorem (using Assumption I2.2p . 



E\\\At\\] < E 



\\M\ds 



dsE[\\(3, 



"'R'' 



dsE 



\y- n{y)\\ m{s,dy) ds 



ly- i^iy)\\ ■m{s,dy) 



Thanks to Assumption 12. 1[ one observes that if s e [0,r[— > E[||/3i, — /5o||] is 
right-continuous at so is s S [0,T[^ E[||/3s||]. Furthermore, Assumption 12.11 
yields that 



s e [o,r[^E 



\y- i^iy)\\ ■m{s,dy) 



is right-continuous at and Lemma |2 . II implies that 



lim E\\\At\\] = 0. 



Furthermore, writing Mt = {M}, ■ ■ ■ ,Mf), 



l<i<d 



Burkholder's inequality [191 Theorem IV. 73] implies that there exists C > 
such that 

supE[|MJ|2] < CE[[M\M%] 
se[o,i] 



CE 



ds\Sl\''+ f ds f \y,\''mis,dy) 
Jo Jr'' 



Using Assumption 12. 21 we may apply Fubini's theorem to obtain 



sup E[||A/t||2] < C ^ E f ds\S'f +E f ds f 



ds / \yi\'^m{s,dy) 



C I E 
C 



-E 



ds\\Ssf 

dsE[\\Ssf] + 

Thanks to Assumption 12.11 Lemma [^?11 yields 

lim E [II Mtf] =0. 

Using the Jensen inequality, one obtains 



ds / ||y|| ■m{s,dy) 
Jr.'' 



dsE 



\\y\\^m{s,dy) 















E[\\Mt\\]^E 


y i<i<£; 


< 


E 


E 

l<i<d 


=E[\\Mtr 
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Hence, 

lim EfllMJ] = 0, 

t-i.O+ 

and 

lim E[||et-6||] < lim lim E[||Mt||] = 0. 

Going back to the inequalities one obtains 

lim 31 (i) -0. 

t->-o+ 

Similarly, A2(t) and A^it) when t 0+ . This ends the proof. □ 

Remark 2.1. In applications where a process is constructed as the solution to 
a stochastic differential equation driven by a Brownian motion and a Poisson 
random measure, one usually starts from a representation of the form 

Ct ^ Co + f I3sds+ f SsdWs+ f f ^s{y)N{dsdy), (11) 
Jo Jo Jo J 

where eR'^, W is a standard M."' -valued Wiener process, P and S are non- 
anticipative cddldg processes, N is a Poisson random measure on [0,T] x R'' 
with intensity v{dy) dt where v is a Levy measure 

[ (lA|!y||2)Kd2/) <oo, N = N - ,y{dy)dt, 

JW 

and tp : [0,T]xnx R'^ i— > R'^ is a predictable random function representing jump 
amplitude. This representation is different from ([2]), but /5, Lemma 2] shows 
that one can switch from the representation ill]) to the representation (0j in an 
explicit manner. 

In particular, if one rewrites Assumvtion \2. 1\ in the framework of equation 
one recovers the Assumptions of \17l as a special case. 

Remark 2.2. It is sufficient for f to be locally bounded on the neighborhood of 

2.2 Some consequences and examples 

If we have further information on the behavior of / in the neighborhood of ^q, 
then the quantity io/(^o) ca be computed more explicitly. We summarize some 
commonly encountered situations in the following Proposition. 

Proposition 2.1. Under Assumvtions \2. 1\ and \2.2\ 

1- If f {^o)^0 and Vf{^o)^0, then 

lim J E [/(Ct)] = ^tr [*5o5o V^fi^o)] + / /(Co + y) m(0, dy). (12) 
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2. If furthermore V^/(^o) = 0, then 

lim iE[/(et)]- / f{^o + y)m{0,dy). (13) 
Proof. Applying Theorem 12. 11 £o/(Co) writes 

r-ofi^o) = /3o.V/(eo) + ^tr [v2/(^o) '-^o^o] (Co) 

+ / [/(eo+2/)-/(eo)-— ^2/.V/(Co)MO,dy). 

The proposition follows immediately. □ 

Remark 2.3. As observed by Jacod 115, Section 5.8] in the setting of Levy pro- 
cesses, if f{io) = and V/(^o) = 0, then f{x) — 0{\\x ~ Co|P)- If furthermore 
V2/(eo)-0, then f{x)^o{}\x~^4^). 

Let us now compute in a more explicit manner the asymptotics of (H)) for 
specific semimartingales. 



2.2.1 Functions of a Markov process 



An important situations which often arises in applications is when a stochastic 
processe ^ is driven by an underlying Markov process, i.e. 



6 = f{Zt. 



/e C2(M'*,M), 



(14) 



where Zt is a Markov process, defined as the weak solution on [0, T] of a stochas- 
tic differential equation 



Zt — Zq 



b{u, Zu-) du 



f\{u,Zu-)dWu 

Jo 



(15) 



'iJj{u,Zu-,y)N{du dy), 



where (Wt) is an n-dimensional Brownian motion, is a Poisson random mea- 
sure on [0, T] X M'' with Levy measure i'{y) dy, N the associated compensated 
random measure, S : [0,r] x R'' i-^- Mdxd(R), b : [0,T] x M'' R'' and 
ip : [0, T] X M'' X M.'^ are measurable functions such that 



^-(.,.,0) =0 V(i,^,-)isaC^(M'*,M'*)-difreomorphism 

yte[0,T], E f f sup {1 A ms,z,y)f) i^{y)dyds 

"'{||y||>l} zeW 



(16) 



< oo. 



In this setting, as shown in [5], one may verify the regularity assumptions As- 
sumption 12.11 and Assumption 12.21 by requiring mild and easy-to-check assump- 
tions on the coefficients: 
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Assumption 2.3. .), .) andil){., .,y) are continuous in the neighborhood 
of (0, Zo) 

Assumption 2.4. There exist T > 0, R > such that 

Either Vte[0,Tl inf inf *x.T,(t, z).x > 

\\z-Zo\\<R xeR'', \\x\\ = l 

or E = 0. 
We then obtain the foUowing result: 
Proposition 2.2. Let f G C^(K'',K) such that 

VzeM'i, ^iz)^0. (17) 

OZd 

Define 

'l3o = V/(Zo).6(0,Zo) + itr [v2/(^o)*S(0, Zo)S(0, Zq)] 

,5o = ||V/(Zo)I](0,Zo)||, 
and the measure m(0, .) via 

m(0, [w, oo[) = / l{/(Zo+^(o,Zo,y))-/(Zo)>«} '^(y) (^2/ " > 0, 

" (18) 

Under the As sumptions \EE andW^ Vg G C^(M'',K), 



lini = /3o .9'(eo)+f 5"(eo)+ / W^+u)-g{^^)~ug' [io)] m(0, d^). 

t^o+ t I J^d 

(19) 

Proof. Under the conditions (|T6)) and the Assumption 12 .41 Proposition ?? shows 
that admits the semimartingale decomposition 

£.t=£.o+ f Psds+ [ 5sdBs+ [ [ uK{dsdu), 
Jo Jo Jo J 

where 

'A = ^f{Zt-).b{t, Zt-) + itr [V^fiZt-fnt. Zt-'mt.. Zt-)] 

+ 4, ifiZt- + ^{t, Zt- ,y))-f(Zt-)- i^it, Zt- ,y).Vf{Zt-)) y{y) dy, 

St ^\\vfiZt-)nt,Zt-)i 
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and K is an integer- valued random measure on [0,T] x R with compensator 
k(t, Zt- , u) du dt defined via 

k{t,Zt-,u) = / |detVy$(t,Zt_,(?/i,--- ,yd_i,M))| 

v{^{t,Zt-, {yi, ■ ■ ■ ,yd-i,u))) dyi--- dyd-i, 

with 

= K-^{y) = {yi,--- ,yd-i, F^{y)), 

FM-.R'^^R f{z+{y,,--- ,yd^,,FM))- fiz)^yd- 

From Assumption 12 . 31 it follows that Assumptions 12.11 and 12 .21 hold for /?(, 5t and 
k{t, Zt — , .) on [0, T]. Applying Theorem l2.11 the result follows immediately. □ 

Remark 2.4. Benhamou et al. studied the case where Zt is the solution 
of a 'Markovian' SDE whose jumps are given by a compound Poisson Process. 
The above results generalizes their result to the (general) case where the jumps 
are driven by an arbitrary integer-valued random measure. 

2.2.2 Time-changed Levy processes 

Models based on time-changed Levy processes provide another class of examples 
of non-Markovian models which have generated recent interest in mathematical 
finance. Let Lt be a real- valued Levy process, (h,a^,v) be its characteristic 
triplet, N its jump measure. Define 

©t= / 0,ds, (20) 
Jo 

where {9t) is a locally bounded J^t-adapted positive cadlag process, interpreted 
as the rate of time change. 

Proposition 2.3. // 

I \y\^ iy{dy) < oo and lim E[\9t-9o\]=0 (21) 

then 

V/eC2(R,R), lim '^[/(^«)] -/(eo) ^o^c„f{^„) (22) 

t-i>0+ t 
where Cq is the infinitesimal generator of the L: 

2 f 1 

Cof{x) = bnx) + ^f"{x)+ [f(x + y)-f{x)-——^yf'ixMdy). (23) 

2 Jr^ 1 + \yr 
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Proof. Considering the Levy-Ito decomposition of L: 

Lt = lb- [ (y- Kiy)) lyidy)] t + aWt 
V J{\y\<T-} J 

f K(z)N{dsdz)+ f f {z - k(z)) N{dsdz), 
la Js. Jo Js. 

then, as shown in 5 , ^ has the representation 

6=^0+/ <J^,dZ,+ f lb- f {y - K{y)) iy{dy)] 9s ds 
Jo Jo \ J{\y\<i} J 

+ [ [ K{z)e,N{dsdz) + [ [ {z- K{z))esN{dsdz). 
Jo Js. Jo Jr 

where Z is a Brownian motion. With the notation of equation one identifies 



Pt^\b- {y - K{y)) v{dy) \ Ot, St^a^/Ot, m{t,dy) ^ 9tv{dy). 

V J{\v\<n 



li (121]) holds, then Assumptions [Q and [2?2] hold for {l3,S,m) and Theorem [Q 
may be applied to obtain the result. □ 

3 Short-maturity asymptotics for call options 

Consider a (strictly positive) price process S whose dynamics under the pricing 
measure P is given by a stochastic volatility model with jumps: 

/•t pt pt p-\-OQ 

St^So+ r{s)Ss~ds+ Ss-S,dWs+ / 5,- (e« - l)M(ds dy), (24) 

Jo Jo Jo J~oo 

where r{t) > represents a (deterministic) bounded discount rate. For con- 
venience, we shall assume that r G Cq(M+,R+). St represents the volatil- 
ity process and M is an integer-valued random measure with compensator 
fj.{uj; dt dy) = m{uj\ t, dy) dt, representing jumps in the log-price, and M = M— ji 
its compensated random measure. We make the following assumptions on the 
characteristics of S: 

Assumption 3.1 (Right-continuity at to). 



lim ¥.[\5t-5t,V\Tt,\^0. 



For all LP e C§(R+ x 



lim E 



s^^Alyp) ^{St,y)m{t,dy)\J^t„ 



s^^Alyp) ^{St,,y)m{to, 
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Assumption 3.2 (Integrability condition). 

3T > to, E 



exp ( i / ds+ [ ds [ {ey - l)^mis, dy) ) \Ft, 

y ^ J to J to JR ) 



< oo 



We recall that the value Ctg {t, K) at time Iq of a call option with expiry 
t > to and strike A' > is given by 



Cto {t, K) = e A "^"^ '''E[max(5t - X, 0)| J-jJ. 



(25) 



The discounted asset price 



St = e 



- /to '•(«) 



is the stochastic exponential of the martingale ^ defined by 



= / SsdWs+ / (e^ - l)M(ds dy) 



< oo, 



Under Assumption 13.21 we have 



E 



exp(i(^,OT + (^,OT 



where {^,5,)'^ and {^,0'^ denote the continuous and purely discontinuous parts 
of [CjC] S'Hd [18l Theorem 9] implies that {St)te[to.T] is a P-niartingale. In 
particular the expectation in psp is finite. 



3.1 Out-of-the money call options 

We first study the asymptotics of out-of-the money call options i.e. the case 
where K > Sto- The main result is as follows: 

Theorem 3.1 (Short-maturity behavior of out-of-the money options). Under 
Assumvtion \3. 1\ and A ssumvtion 1 3. SI if Stg < K then 



Ctoit, K) [ {Stoey - K)+m{to,dy). 

t - to t^t+ Jo 



(26) 



This limit can also be expressed using the exponential double tail i/'to of the 
compensator, defined as 



+ 00 



iptoiz) — / dx m{to,du) z > 0. 

J z J X 

Then, as shown in [3] Lemma 1], 

l°°{Stoe^ - K)+m{to,dy) = StoAo (in (^-^)) 



(27) 
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Proof. The idea is to apply Theorem 12.11 to smooth approximations /„ of the 
function a; — >■ (x — if)"*" and conclude using a dominated convergence argument. 

First, as argued in the proof of Theorem 12.11 we put to = in the sequel 
and consider the case where JTq is the tr-algebra generated by all P-nuU sets. 
Applying the Ito formula to Xt = In (St), we obtain 

* 1 .„ 1 /■* -1 



s<t 



Xt = In (^o) + / 7^dSs + ^ I ^ {Ss-S.y ds 

1 



Ss- 2 Jq S'^_ 

In {Ss- + ASs) - In {S,- ) - -^AS^ 



In (So) + I [ r{s) - -Si ) ds + / Ss dWs 



+ / / (e^ - l)M{ds dy)- / (e^ - 1 - y) M{ds dy) 

Jo J-oo Jo J-oo 

Note that there exists C > such that 

\ey-l-y^^\<Ciey^lf. 

Thanks to Jensen's inequality, Assumption 13.21 implies that this quantity is 
finite, allowing us to write 

(e^ - l)M{ds dy) - I / (e^ - 1 - y) M{ds dy) 

1 



fO J —oo Jo J —oo 

ft p-\-oo pt /'4-00 



(e^ - l)M(ds dy)- / [ey-l-y -— ^ ) M{ds dy) 

lO J-oo Jo J-oo \ ^ + 12/1 

(■t p+oo / Y \ 

:o .-oo V-'YTW)''^'"''^ 

(e^ - l)M{ds dy)- / - 1 - y ^ ^ ,^ ,^ ) M(ds dy) 

^-oc Jo J-oo \ 



l + |y|2 



ey-l-y j y) ds dy + [y - ) M(d 

i /' + 00 -j pt p+oo 



J-cx) 



2/ -I 12 Af(ds dy) ~ / / (ey-l-y / )m(g,y)dsdy 



/o J-oo 1 + |yP Ja J-oo V 1 + 12/1 
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We can thus represent Xt as in 



Xt = Xo+ Psdt+ Ss dW, 



■ M{ds dy) 



t /' + 00 



t p-\-oo 



i + \v\- 



y-y 



M{ds dy), 

(28) 



with 



i-y 



m[t, y) dt dy. 



Hence, if 5 and m{.,dy) satisfy Assumption 13.1 1 then /3, S and m{.,dy) satisfy 
Assumption 12.11 Thanks to Jensen's inequahty, Assumption 13.21 imphes that 
(3, S and m satisfy Assumption 12.21 One may apply Theorem 12.11 to Xt for 



any function of the form / o exp, f € 



b 



Let us introduce a family 



/„ G C^nK.K) such that 

I ix-K)+<U{x)<^ N-^l<^ 
Then for x=^ K, /„(x) — > {x - K)+ . Define, for / G Cg' 



C,f{x)^r{Q)xf{x) + ^f"{x) 

+ Jjifi^en - fix) - x{ey - l).f'{x)]m{0,dy). 

First, observe that if A^i > l/|5o - 

Vn > iVi, /„(5o) - {So - K)+ = 0, so 

[{St - K)+] < ifi IMSt)] - i (E IMSt)] - MSo)) 
Letting t — 0"*^ yields 

limsupi e-^''^(^)''^E - K)+] < £o/«(5o). 

4^-0+ t 

Furthermore, 

E[{St-K)+] > E [/„(5,)l{|5^_^|>ij" 

= E[/„(50]-E[/«(5t)l{|s.-K|<i} 



(29) 



(30) 



> E[/„(50]-/«(5o)--E 

n 



{\St-K\<^} 
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But 

E 



l{|St-A'|<i} 



< F{St-K>-- 
n 



< V[St-So>K-So-- 

n 



There exists N2 > such that for all n> N2, 



n) - V 2 

2 



by the Bienayme-Chebyshev inequality. Hence, 

Ie [(5, - K)+] > i (E - /„(5o))-i {j^^ ' - c^{S,)] 

with = (cc — 5*0)^. Applying Theorem 12.11 yields 

liminfie-/o'-(«)'i^E[(5i-if)+] >£o/«(5o)-- Co^So). 

Letting n — > +00, 

lim ie-/o'-(^)'^^E[(5t-if)+] = lini C^^USo). 

Since 5*0 < if, /« = in a neighborhood of 5*0 for n > A^i so fn{So) = /"(5'o) = 
fLi^o) = and Cofn{So) reduces to 



CofniSo)^ / [fn{Soey)~fn{So)]m{0,dy). 
A dominated convergence argument then yields 



lim CoUSo) = / [(^oe^ - K)+ - {So - K)+]m(0,dy). 

Using integration by parts, this last expression may be rewritten [4) Lemma 1] 
as 

So^o (in (£ 
where ijjQ is given by (|27|) . This ends the proof. 

□ 
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Remark 3.1. Theorem \3.1\ also applies to in-the-money options, with a slight 
modification: for K < St^ , 



t~to 



1 



(St, 



■a 



Kj) 




r{to) Sto + S'toV'to In 




where 



V'to(^) = / dx e"" I m{to,du), 




for z < 



(32) 



denotes the exponential double tail o/to(0, .). 

3.2 At-the-money call options 

When Stg = K, Theorem l3.1l does not apply. Indeed, as already noted in the case 
of Levy processes by Tankov and Figueroa-Lopez and Forde [12] , the short 
maturity behavior of at-the-money options depends on whether a continuous 
martingale component is present and, in absence of such a component, on the 
degree of activity of small jumps, measured by the Blumenthal-Getoor index of 
the Levy measure which measures its singularity at zero |15) . We will show here 
that similar results hold in the semimartingale case. We distinguish three cases: 

1. 5 is a pure jump process of finite variation: in this case at-the-money call 
options behave linearly in t — to (Proposition 13. l| ) . 

2. 5 is a pure jump process of infinite variation and its small jumps resemble 
those of an a-stable process: in this case at-the-money call options have 
an asymptotic behavior of order \t — toT^" when t — to 0^ (Proposition 



3. S has a continuous martingale component which is non-degenerate in the 
neighborhood of to: in this case at-the-money call options are of order 
\/t — to as < — > whether or not jumps are present (Theorem 13. 2[) . 

These statements are made precise in the sequel. We observe that, contrarily 
to the case of out-of-the money options where the presence of jumps dominates 
the asymptotic behavior, for at-the-money options the presence or absence of 
a continuous martingale (Brownian) component dominates the asymptotic be- 
havior. 

For the finite variation case, we use a slightly modified version of Assumption 



Assumption 3.3 (Weak right-continuity of jump compensator). For all ip G 

C^(K+ X M,R), 



EM 




^(e^^Alyl) ^{St,y)m{t,dy)\J^t 



to 



[ {e'yA\y\) v{St,,y)m{to,dy) 
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Proposition 3.1 (Asymptotic for ATM call options for pure jump processes of 
finite variation). Consider the process 



St^So+ / r{s)Ss-ds + 



t /'-foo 



S,-{ey -l)M{ds dy). (33) 



/O J -oo 

Under the Assumvtions [373\ and \3.S\ and the condition, 



t-to 



yte[to,T], \y\ m(t, dy) < oo, 
Jm 



Ct„(t,5tJ ^ St, iey-l)+mito,dy) 



(34) 
(35) 



Proof. Replacing P by the conditional probability Pjr^^ , we may set io = in the 
sequel and consider the case where J-q is the a-algebra generated by all P-null 
sets. The Tanaka-Meyer formula applied to {St — Sq)'^ gives 



[St - SoY 



ds l{s,_>So}'5's- (r{s) ~ Jj^e^ - 1) m(s, dy)^ 
(Ss - 5o)+ - {Ss- - So)+. 



0<s<t 

Hence, applying Fubini's theorem, 



[{St - SoY 



+ 



^ dsl{s,_>So}Ss- (^r{s) - Jj^ey - l)m{s,dy) 
[{Ss-ey - So)+ - {Ss- - 5o)+] m{s, dy) ds 
l{s,>So}'5's {r{s) - Jj^ey - l)m{s, dy) 



+ 



ds 



dsE 



[{Sscy - So)+ - {Ss - So)+] m(s, dy) 



Since 5' is a martingale. 

Hence t — )■ E [5*4] is right-continuous at 0: 



lim E\St] = S'o. 
t->o+ 



(36) 



(37) 



Furthermore, under the Assumptions 12.11 and 12 .21 for Xt — log(5't) (see equation 
(|28|) ). one may apply Theorem 12. II to the function 



f :x€R^ (exp(x) - S'o)^ 
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yielding 



lim -E[(5t-5o)2] =£0/(^0), 



where Cq is defined via equation ([5]). Since CQf{X()) < 00, then in particular, 

t ^ E [{St - Sof] 
is right-continuous at with right limit 0. Let us show that 



StliS,>So} {r{t)- jy -l)m{t,dy)^ 



is right-continuous at with right limit 0. Then applying Lemma |2 . 1 1 yields 
lim -E 

t-!-0+ t 

Observing that 



( dsSsl{s^>s,} {r{s)- f -l)m{s,dy)]] =0 
\ Js. / . 



St l{St>So} — (St - So)^ + So l{St>So}' 



we write 



E 



E 



Stl{S.>So} {r{t)~ jy ~l)m{t,dy) 
{{St - So)+ + So l{s,>s„}) (r{t) - ly - l)m{t, dy)^ 



< \\r\\ooE[\St-So\] + \\r\\ooV{St> So) 



E 



1/2 



E 



{St — So) 
S^V[St > Sof^ E 



(e^- 1)^ m{t,dy) 



{e^ - 1)^ m{t, dy) 



-,1/2 



1/2 



using the Lipschitz continuity of x 1— > (a; — So)+ and the Cauchy-Schwarz in- 
equality. Since S is cadlag, 

limP(S't > So) = 0, 



{e^ - 1) m{0,dy) < 00. 



and Assumption 13.31 implies that 



lim I 

44,0 



{ey-1)' m{t,dy) 



Letting t 0+ in the above inequalities yields the result. 
Let us now focus on the jump term and show that 



t e [0,T[^E 



[{Stey - So)+ - {St - So)+] m{t, dy) 
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is right-continuous at with right-hmit 

^0 /(e^-l)+m(0,dy). 



One shall simply observes that 

\{xey - So)+ - {x ~ So)+ - {Soey - So)+\ < (x + 5o) - 1|, 

using the Lipschitz continuity ol a; i— s- (x — S'o)+ and apply Assumption 13 . 31 This 
ends the proof. 

□ 

Proposition 3.2 (Asymptotics of ATM call options for pure-jump martingales 
of infinite variation). Consider a semimartingale whose continuous martingale 
part is zero: 



St^So+ / r{s)Ss-ds + 



t /'+00 



S,-{ey -l)M{ds dy). (38) 



Under the Assumvtions CO] and \3.'A if there exists a e]l,2[ and a family 
m°'{t,dy) of positive measures such that 



4y) 



yt e [tQ,T], m{uj,t,dy) = m°'{uj,t,dy) + l|j^|<i|-p^ a.s., 
where c{.) > is continuous at and 

[to,T] [ \y\m''{t, dy) <oo, 



then 



1 



Ztt 



dz. 



(39) 



(40) 



(41) 



Proof. Without loss of generality, we set to = in the sequel and consider the 
case where is the cr-algebra generated by all P-null sets. The at-the-money 
call price can be expressed as 



Co(t,5o) =E[(5t-S'o)+] =5oE 



^-1 
5*0 



(42) 



Define, for / € Cl{]id, oo[,] 



Cof{x) = r{0)xf'{x) + / ifixey) - f{x) - x(e^ ~ l)./'(a;)]m(0, dy). (43) 
We decompose Lq as the sum Cq — + Jq where 

K.of{x) = r{0)xf'{x) + [ [fixey) - f{x) - a:(e^ - l)./'(a;)] m"(0, dy), 

Jofix) - 



[fixey) - fix) - xiey - l)./'(x)] dy 
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The term /Co may be be interpreted in terms of Theorem 12.11 if (Zt)[o.T] is a 
finite variation semimartingale of the form pSI) starting from Zq = Sq with 
jump compensator m^ltydy), then by Theorem 12. 1[ 

V/eC2(]0,(X)[,M), hm ie-/o'-(«)'i«E[/(ZO] -/Co/(5o). (44) 
t^o+ t 

The idea is now to interpret Cq = JCq + JTq in terms of a multiplicative decompo- 
sition St = YtZf where Y = £{L) is the stochastic exponential of a pure-jump 
Levy process with Levy measure c{y)/\y\^^" dy, which we can take independent 
from Z. Indeed, let Y = £{L) where L is a pure-jump Levy martingale with 
Levy measure l|j,|<i c{y)/\y\^^" dy, independent from Z, with infinitesimal gen- 
erator J'q. Then F is a martingale and [Y, Z] — 0. Then S = YZ and Y is an 
exponential Levy martingale, independent from Z, with E[Yt] = 1. 

A result of Tankov j22j Proposition 5, Proof 2] for exponential Levy processes 
then implies that 

_L.[„.,_i,.]»_S _L|_^^_^,,. (45) 

We will show that the term (|45l) is the dominant term which gives the asymptotic 
behavior of Co(T,S'o). 

Indeed, by the Lipschitz continuity of x i— > (x — 5*0) + , 

\{St - So)+ - So{Yt - 1) + | < Yt\Zt - Sol 

so, taking expectations and using that Y is independent from Z , we get 

E[eJ^^^l(£^_£o)+ -^0^ - 1)+|] < E{Yt)E[e-^ori^)d^\Zt - So\]. 

Co{t,So) =1 

To estimate the right hand side of this inequality note that |Zf — 5*0! — (Zt — 
5*0)+ + (^o — Zt)+. Since Z has finite variation, from Proposition 13. II 

Using the martingale property of e^-'o ^'■^)'^''Zt) yields 

E[e-^o'''^'^'^''{S„~ Zt)+]'^ tSo dx e''m{[x,+oo[). 

Jo 

Hence, dividing by t^^" and taking t — > 0+ wc obtain 

Thus, dividing by t^^" the above inequality and using (|45l) yields 

/o E[iSt-Soh] So-J_^ dz. 

□ 
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We now focus on a third case, when S' is a continuous semimartingale, i.e. an 
Ito process. From known results in the diffusion case [7], we expect in this case 
a short-maturity behavior ins 0{^/i). We propose here a proof of this behavior 
in a semimartingale setting using the notion of semimartingale local time. 

Proposition 3.3 (Asymptotic for at-the-money options for continuous semi- 
martingales). Consider the process 

St^So+ f r{s)Ssds+ f SJsdW,. (46) 
Jo Jo 

Under the Assumvtions lS. l\ and [KM and the following non-degeneracy condition 
in the neighborhood of to, 

3e>0, P{yte[ta,T], St>e) = l, 

we have 

^ :C*„(i,5,J ^<5t,. (47) 



Proof. Set to — and consider, without loss of generality, the case where J-q is 
the (T-algebra generated by all P-null sets. Applying the Tanaka-Meyer formula 
to {St — So)^, we have 

(St - So)+ = lis.>So}dSs + lLf"{S). 

where Lf°{S) corresponds to the semimartingale local time of St at level 5*0 
under P. As noted in Section I3TT1 Assumption 13.21 implies that the discounted 
price St = e~-^o risjdsg^ ^ P-martingale. So 

dSt = e^o ^i'') (^r{t)Stdt + dSt^ , and 



t rt 



Jo Jo 
where the first term is a martingale. Taking expectations, we get: 



C{t, So) = E 



nt 1 

,-J*ris)ds / eJ'o'^'^''^'^'' r{s)Ssl{s^>So}ds + Lf^iS) 

./n 2 



Since S' is a martingale, 

V< e [0, T] E [St] e^" So < oo. (48) 
Hence t — )• E [St] is right-continuous at 0: 

lim E[St] = So. (49) 
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Furthermore, under the Assumptions 12.11 and 12 .21 for Xt — log(5t) (see equation 
(|28|) ). one may apply Theorem 12. II to the function 



yielding 



/ : a; e M (exp(x) - S'o)^ 



lim V.[{St-S^f] =Cof{Xo), 



where Cq is defined via equation ([5]) with m = 0. Since Cof{Xo) < oo, then in 
particular, 

t ^ E [{St ~ Sof] 
is right-continuous at with right limit 0. Let us show that 

<e [0,rHE[5ti{s.>So}] 

is right-continuous at with right limit 0. Then applying Lemma |2 . 1 1 yields 



lim -E 



ds Ss l{s,>So} 



= 



Observing that 



St'^{St>So} — i^t - So) + S'o l{St>So}' 

we write 

|E [5a{s.>So}] I = |E - 5o)+ + 5o l{s.>So}] I 
< E[|St-5o|]+P(^t >^o) 
using the Lipschitz continuity of a; (a; — 5o)+. Since S is cadlag, 

limP(S't > So) = 0. 

Letting i — ^ in the above inequalities yields the result. Since 



E 



e/o'-H<iv(s)5,l{5.>5o}rfs 



= o{t), 



a fortiori, 



E 



Hence (if the limit exists) 

lim ^ C{t, So) = lim ^ e" ^* ''("^ ] 



if" (5) 



lim — E 



Lf^iS) 



(50) 
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By the Dubins-Schwarz theorem [201 Theorem 1.5], there exists a Brownian 
motion B such that 

ft 



Ss dWs = B[uu 



Vi<[C/]oo, Ut 

Jo 

So yt<[UU St = Soe^p(^J^ (^r{s)-^S^^ ds + B[uu 

= So exp (^^ (^r(s) - ^S^^ ds + Bjt . 
The occupation time formula then yields, for (j> E C^{M.,M.), 

m)L^ {So exp [B^u])) dK = j 4> {So exp (S[[/]J) exp {B^u\S^l 

0(S'oexp(y))S'o exp(y)^L^ (-^[(7]) dy, 

where Lf^ (S'o exp ) ) (resp. if denotes the semimartingale local 

time of the process S'o exp (_B[[/] ) at K and (resp. i3[(7] at y). A change of 
variable leads to 

<t>{So eMv))So eMy)Lf°'" {So exp [B^u])) dy 

^{SoeMy))s^oeMyfLy {Bm)- 

Lf> (5oexp = 5oi? 



— oo 
oo 



Hence 
We also have 



where L^p ^2 denotes the semimartingale local time of B at time 51 ds 

and level 0. Using the scaling property of Brownian motion, 

Lf> {So exp(i?[c/])) 



E 



5*0 E 
5*0 E 



-^/o' 5? ds {^) 



^ j'^5ldsL\[B) 



Hence 



lim ^E 

t->o+ 



(5o exp(i?[c;])) 



= lim —p Sq E 



lim 5*0 E 



bl ds L° (B) 



5ldsL\ (B) 



25 



Let us show that 



hm SoE 



Using the Cauchy-Schwarz inequahty, 



(51) 



E 



< E 



1/2 



1/2 



(5? ds — Sf) 



The Lipschitz property of x — > {^/x — So) on [e, +oo[ yields 

2" 



E 



S'? ds — Sq 



< c(e)E 



< 



c{e) 



I ds'&[\5l^5^ 
Jo 



where c(e) is the Lipschitz constant of a: — > {y/x — So) on [e, +oo[. Assumption 
13.11 and Lemma [2.11 then imply ((5T|) . By Levy's theorem for the local time of 
Brownian motion, L\{B) has the same law as |i?i|, leading to 

Clearly, since Lf{S) = if (5o exp [B^u])), 



lim E 



So 



This ends the proof. 



(52) 
□ 



We can now treat the case of a general Ito semimartingale with both a 
continuous martingale component and a jump component. 

Theorem 3.2 (Short-maturity asymptotics for at-the-money call options). Con- 
sider the price process S whose dynamics is given by 



St^SQ+ / ris)S,-ds+ / Ss-SsdW, 



S',-(e^ - l)M{ds dy). 



Under the Assumptions \3. 1\ and \3.B and the folllowing non- degeneracy condition 
in the neighborhood of to 



3e > 0, 



we have 



1 



Vt^ 



P(Vte[io,r], <5t>e)-l, 
Cto{t,Stg) ' ' ^ 



t->-t+ v27r 



(53) 
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Proof. Applying the Tanaka-Meyer formula to {St — So)~^ , we have 



{S,->So}^Ss. 



(54) 



0<s<t 



As noted above, Assumption l3 . 2l implies that the discounted price St ^ e -^o '"'^^^ '^'^St 
is a martingale under P. So (St) can be expressed as dSt = eJ'o ''^ (r{t)St^dt + dSt 
and 

f lis._>So}dSs = /*e/o'-(")'^"l{5._>5o}rf^.+ f efo^(-)^-r{s)Ss-lis._>So}ds, 
Jo Jo Jo 

where the first term is a martingale. Taking expectations, we get 



e/o'-(-)'i-C(t,S'o) = 



So d-'"- . 



1 



•{s)Ss\{s,^>So}ds^ -Lt 



So 



J2 (Ss - So)+ - {Ss- - So)+ - 1 



0<s<t 

Since S' is a martingale, 

yt e [0, T] E [St] = eJ« So < oo. 

Hence t — E [St] is right-continuous at 0: 

lim E [St] = So. 

t-j-0+ 



(55) 



(56) 



Furthermore, under the Assumptions 12.11 and 12 .21 for Xt — log(S't) (see equation 
((28|) ). one may apply Theorem 12. II to the function 



yielding 



f :x&R^ (exp(a;) - S'o)^ 



lim -E[{St-So)^] =Cof{Xo), 

4^0+ t ^ ^ 



where Co is defined via equation ([5]). Since Cof{Xo) < oo, then in particular, 

t ^ E [{St - Sof] 
is right-continuous at with right limit 0. Let us show that 

te[0,T[^E[Stl{s,ySo}] 
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is right-continuous at with right limit 0. Then applying Lemma |2 . 1 1 yields 



lim -E 

t^o+ t 



/ dsSsl{s,>So} 
Jo 



= 



Observing that 



St'i^{St>So} - (St - So) +Sol{St>So}: 

we write 

|E [5* l|5,>5o}] I < E[|5t-^o|]+^oP(5t>^o) 
Letting t 0+ in the above inequalities yields 



E 



r{s)Ss l{5^_>5„}ds 



o{t) = o{Vt). 



Let us now focus on the jump part, 



E 



E 



J2 (Ss - So)+ - (Ss- - So)+ - 1 



{S,->So}^Ss 



0<s<t 

■t 







ds / m{.s,dx) (5,_e^ - 5o)+ - {Ss- ~ S'o)+ - l{s..>5o}5.- (e^ - 1) 



(57) 



Observing that 

\{ze- - So)+ -{z- 5o)+ - l{.>So}^(e" - 1)| < C (^oe^ - zf, 
then, together with Assumption 13.11 and Lemma l2 . 1 1 implies . 



E 



E 

0<s<t 



{Ss - So)+ - {Ss- - 5o)+ - l{s_>So}A5, 



= 0{t) = o{Vi). 



Since 5f) > e, equation (j52p yields the result. 



□ 



Remark 3.2. As noted by Berestycki et al JF,'^! in the diffusion case, the reg- 
ularity of f at Stg plays a crucial role in the asymptotics o/E [f{St)]. Theorem 
\2.1\ shows that E [f{St)] ^ ct for smooth functions f, even if f{St„) = 0, while 
for call option prices we have ^ \/t asymptotics at-the-money where the function 
X {x — So)+ is not smooth. 



Remark 3.3. In the particular case of a Levy process, Proposition \3.1\ Propo- 
sition Ig.^l and Theorem \3.S\ imply ^22^ Proposition 5, Proof 2]. 
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